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P1-BUNDLES OVER PROJECTIVE MANIFOLDS OF PICARD
NUMBER ONE EACH OF WHICH ADMIT ANOTHER SMOOTH
MORPHISM OF RELATIVE DIMENSION ONE
KIWAMU WATANABE
Abstract. We give the complete classification of P1-bundles over projective
manifolds of Picard number one each of which admit another smooth morphism
of relative dimension one.
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1. Introduction
R. Mun˜oz, G. Occhetta and L. Sola´ Conde studied rank 2 vector bundles on Fano
manifolds in [11]. In their paper [11, Theorem 6.5], they obtained a complete list
of P1-bundles over Fano manifolds with b2 = b4 = 1 that have another second P1-
bundle structure. The purpose of this paper is to generalize their result. Actually,
we give the complete classification of P1-bundles over projective manifolds of Picard
number 1 each of which admit another smooth morphism of relative dimension 1.
Our main result is the following:
Theorem 1.1. Let X be a complex projective manifold of Picard number ρ = 1
and E a rank 2 vector bundle on X. Assume that Z := P(E ) → X admits another
smooth morphism Z → Y of relative dimension 1 and n := dimX ≥ 2. Then,
(I) X and Y are Fano manifolds of ρ = 1 and there exists a rank 2 vector
bundle E ′ on Y such that Z → Y is given by PY (E ′).
Furthermore,
(II) if E and E ′ are normalized by twisting with line bundles (i.e., c1 = 0 or
−1), then ((X,E ), (Y,E ′)) is one of the following, up to changing the pairs
(X,E ) and (Y,E ′):
(a) ((P2, TP2), (P
2, TP2)), where TP2 is the tangent bundle of the projective
plane P2,
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(b) ((P3,N ), (Q3,S )), where N is the null-correlation bundle on P3 (see
[13]) and S is the restriction to the 3-dimensional quadric Q3 of the
universal quotient bundle of the Grassmannian G(1,P3),
(c) ((Q5,C ), (K(G2),Q)), where C is a Cayley bundle on Q
5 (see [14]),
K(G2) is the 5-dimensional Fano homogeneous contact manifold of type
G2 which is a linear section of the Grassmannian G(1,P6) and Q the
restriction of the universal quotient bundle on G(1,P6).
Consequently, Z is the full-flag manifold of type A2, B2 or G2. In particular, X,
Y and Z are rational homogeneous manifolds.
Another motivation of our main result is the following conjecture proposed by
Campana and Peternell:
Conjecture 1.2 ([3]). A Fano manifold M with nef tangent bundle is homogeneous.
This conjecture is true in dimension ≤ 4. The most difficulty lies in the case where
M is a Fano 4-fold of ρ = 1 which carries a rational curve C with −KM .C = 3. In
this case, N. Mok [10] proved the conjecture under the additional assumption that
b4(M) = 1. Later on, J. M. Hwang pointed out that the assumption b4(M) = 1 can
be removed in [7]. More generally, they obtained the following result. We will also
prove this as a corollary of Theorem 1.1.
Theorem 1.3 ([10, Main Theorem], [7]). LetM be a Fano manifold of ρ = 1 with nef
tangent bundle. Assume that M carries a rational curve C such that −KM .C = 3.
Then M is isomorphic to P2, Q3 or K(G2).
The contents of this paper are organized as follows. Section 2 is devoted to
study the structures of the Chow group A2(X)Q of 2-dimensional cycles with Q-
coefficients and its quotient N2(X)Q by numerical equivalence, according to a similar
argument as in [7]. In Section 3, we give two computations of the discriminant
∆(E ) := c21(E )−4c2(E ) which are based on ideas in [10] and [11] (see Proposition 3.8
and 3.14). In Section 4, by comparing the computational results, we narrow down
the possible values of some invariants of X and Y . Then we can show the existence
of a rank 2 vector bundle E ′ on Y such that Z = PY (E ′) (Proposition 4.5). The
main novelty of this paper is to show the existence of E ′ by using the above two
computational results of the discriminant. After this paper was submitted, the draft
of [11] was revised and they obtained the same result (see [11, Lemma 6.2]). Since Z
admits double P1-bundle structures pi : Z → X and φ : Z → Y , the same argument
as in [11] implies Theorem 1.1 (Theorem 4.6). In the final section, we will show
Theorem 1.3 as a corollary of Theorem 1.1.
In this paper, we use notation as in [5] and every point on a variety we deal with
is a closed point. We work over the field of complex numbers.
Acknowledgements. This work was done while the author was visiting the Uni-
versity of Freiburg. The author would like to express his gratitude to his host Prof.
Stefan Kebekus for all his assistance and his kindness. He would also like to thank
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2. A Part of Theorem 1.1 (I) and Structures of A2(X)Q and N
2(X)Q
First, we partially prove Theorem 1.1 (I). We will complete the proof of Theo-
rem 1.1 (I) in Proposition 4.5.
Proposition 2.1. Let X be a projective manifold of ρX = 1 and E a rank 2 vector
bundle on X. Assume that pi : Z = P(E ) → X admits another smooth morphism
φ : Z → Y of relative dimension 1 and n := dimX ≥ 2. Then
(i) Y is a Fano manifold of ρY = 1,
(ii) φ−1(y) is isomorphic to P1 for every y ∈ Y , and
(iii) X is also a Fano manifold of ρX = 1.
It is easy to see (i). In fact, since ρZ = 2, it turns out that ρY = 1. Additionally,
Y is covered by rational curves which are the images of fibers of pi. Thus Y is a
Fano manifold of ρY = 1.
We use the following lemma to prove Proposition 2.1 (ii):
Lemma 2.2. Let X be a projective manifold and Y a Fano manifold of ρ = 1.
Assume that a projective manifold Z admits two different smooth morphisms pi :
Z → X and φ : Z → Y of relative dimension 1 and pi−1(x) is isomorphic to P1 for
every x ∈ X. Given y ∈ Y , define inductively
(i) V 0y := {y}, and
(ii) V m+1y := φ(pi
−1(pi(φ−1(V my )))).
Then there exists a natural number l such that V ly = Y .
Proof. The idea of this proof is in [9]. Since V ky is an irreducible closed subset of
Y , it is sufficient to show that V ky = Y provided dimV
k
y = dimV
k+1
y . Remark that
dimV ky is independent of the choice of y ∈ Y . It follows from flatness of pi and φ.
Assume that dimV ky = dimV
k+1
y for any y ∈ Y . Then V ky = V k+1y . Supposing
that V ky does not coincide with Y , we shall derive a contradiction. Let q be the
codimension of V ky in Y and T ⊂ Y a (q − 1)-dimensional projective subvariety.
From our assumption, we have q ≥ 1. Denote ⋃y∈T V ky by A. Since ρY = 1, A is
an ample divisor on Y . Hence, for any point x ∈ X, φ(pi−1(x)) ∩A 6= ∅, then there
exists a point yx ∈ T such that φ(pi−1(x)) ∩ V kyx 6= ∅. This implies that φ(pi−1(x)) is
contained in V k+1yx = V
k
yx ⊂ A. However this contradicts the surjectivity of φ. 
Proof of Proposition 2.1(ii) and (iii). Assume that there exists an irrational fiber of
φ. Then every fiber of φ is not rational. Let f be a fiber of pi and ν the restriction of φ
to f ∼= P1. Consider a smooth family of curves ν∗Z → f ∼= P1. Since a fiber of ν∗Z →
f ∼= P1 is not rational, the family is isotrivial. Furthermore, the family is trivial by
virtue of the simply-connectedness of P1. It turns out that pi(φ−1(y1)) = pi(φ−1(y2))
for any y1, y2 ∈ φ(pi−1(x)) provided we fix a point x ∈ X. From Lemma 2.2, it follows
that any two point can be connected by a chain of rational curves φ(pi−1(x)) of finite
length. Hence we see that pi(φ−1(y1)) = pi(φ
−1(y2)) for any y1, y2 ∈ Y . However,
this is a contradiction to the surjectivity of pi and dim ≥ 2. As a consequence, every
fiber of φ is rational. Now (iii) follows in a similar way to (i). 
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According to a similar argument as in [7, Sect. 4], we prove the following:
Proposition 2.3. Let X be an n-dimensional Fano manifold of ρ = 1 and E a
rank 2 vector bundle on X. Assume that Z := P(E ) → X admits another smooth
morphism φ : Z → Y whose fiber is isomorphic to P1. If n ≥ 2, then A2(X)Q and
N2(X)Q are isomorphic to a 1-dimensional vector space Q over the field of rational
numbers.
Proof. For a point y ∈ Y , we define inductively the varieties W ky and W˜ ky as follows:
(i) W 0y := φ
−1(y), W˜ 0y :=W
0
y ×X Z and
(ii) W ky := W˜
k−1
y ×Y Z, W˜ ky :=W ky ×X Z.
Remark that W˜ k−1y has a natural morphism to Y defined by the composition of a
projection W˜ k−1y → Z and φ : Z → Y . On the other hand, W ky admits a natural
morphism to X by the composition of a projection W ky → Z and pi : Z → X. Hence
we can define W ky and W˜
k
y as above.
For a point y ∈ Y , the image of the composition of a projection W˜ ky → Z and
φ : Z → Y coincides with V k+1y as in Lemma 2.2. Therefore, there exists l ∈ N
such that W˜ l−1y → Y is surjective. Hence W ly → X is also surjective. Then, so
is A2(W
l
y)Q → A2(X)Q. Thus, to prove A2(X)Q ∼= Q, we only have to show that
the rank of A2(W
l
y)Q → A2(X)Q is at most 1. Since W ky and W˜ ky are rationally
connected, A0(W
k
y ) and A0(W˜
k
y ) are isomorphic to the ring of integers Z. Then it
follows from Lemma 2.4 below that A1(W
k
y ) and A1(W˜
k
y ) are generated by curves
whose images in Z are either a fiber of pi or a fiber of φ. Furthermore, A2(W
k
y ) and
A2(W˜ ky ) are generated by surfaces whose images in Z are either a curve or surfaces
of the form φ−1(φ(C)) for some fiber C of pi or pi−1(pi(C ′)) for some fiber C ′ of φ.
Hence the rank of A2(W
l
y)Q → A2(X)Q is at most 1. Since A2(X)Q → N2(X)Q is
surjective, N2(X)Q is also isomorphic to Q. Thus we obtain N2(X)Q ∼= Q. 
Lemma 2.4. Let p : W ′ →W be a P1-bundle with a section σ :W →W ′. Then any
γ ∈ Ak(W ′) is of the form γ = σ∗α+ p∗β for some α ∈ Ak(W ) and β ∈ Ak−1(W ).
Proof. See [4, Theorem 3.3]. 
3. Computation of the discriminant ∆(E )
Throughout this section, we work under the following assumptions:
Assumptions 3.1. Let X and Y be n-dimensional Fano manifolds of ρ = 1 and
E a normalized rank 2 vector bundle over X, i.e., c1 := c1(E ) = 0 or −1 (when
the Picard group of X is identified with Z). Assume that pi : Z = P(E ) → X
admits another smooth morphism φ : Z → Y whose fibers are isomorphic to P1 and
n := dimX ≥ 2.
Notation 3.2. • HX (resp. HY ): the ample generator of Pic(X) (resp.
Pic(Y )). Note that X and Y are Fano manifolds of ρ = 1 and hence
Pic(X) ∼= Z and Pic(Y ) ∼= Z.
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• iX (resp. iY ): the Fano index of X (resp. Y ).
• H := pi∗HX ,H ′ := φ∗HY .
• dX := HnX , dY := HnY .
• f (resp. f ′): a fiber of pi (resp. φ).
• µ := H.f ′, µ′ := H ′.f .
• ∆(E ) := c21(E )− 4c2(E )
• Σ: an effective cycle on X of codimension 2 such that N2(X)Q = QΣ (cf.
Proposition 2.3)
• c2(E ) =: c2Σ,H2X =: dΣ,∆(E ) =: (d∆)Σ.
• Kpi := KZ − pi∗KX .
• L: a divisor associated with the tautological line bundle of P(E ).
• τ := τ(E ): the unique real number such that −Kpi + τH is nef but not
ample.
• υ := υ(E ): the unique real number such that −Kpi + υH is pseudoeffective
but not big.
Remark 3.3. The following holds:
(i) τ ≥ υ.
(ii) K2pi = pi
∗∆(E ) = ∆H2.
(iii) E is not trivial.
Proof. (i) If τ < υ, then −Kpi + υH is ample. This contradicts the definition of υ.
(ii) By using the Chern-Wu relation
L2 − pi∗c1(E ).L+ pi∗c2(E ) = 0,(1)
a direct computation implies that K2pi = pi
∗∆(E ) = ∆H2.
(iii) Assume that E is trivial. Then Z = X×P1, in particular, Z is a Fano manifold.
So φ is a KZ -negative extremal contraction, hence Y = P1. However it contradicts
dimY = n ≥ 2. 
We review the definition of (semi)stability of vector bundles and some results in
[11].
Definition 3.4. Under the same setting as in Assumptions 3.1, let A be an ample
divisor on X. Then E is said to be stable (resp. semistable) if, for any line bundle
 L ⊂ E ,
c1( L).A
n−1 <
1
2
c1(E ).A
n−1 (resp. c1(L).A
n−1 ≤ 1
2
c1(E ).A
n−1).
Theorem 3.5. Let (X,E ) be as in Assumptions 3.1. If E is semistable, then, for
an ample divisor A ∈ Pic(X), we have
∆(E ).An−2 ≤ 0.
Proof. This follows from the Bogomolov inequality and the Mehta-Ramanathan the-
orem. 
Theorem 3.6 ([11, Theorem 2.3, Proposition 3.5, Remark 3.6]). Let (X,E ) be as
in Assumptions 3.1. Then the following holds:
(i) τ ≥ 0, and the equality holds if and only if E ∼= O⊕2X .
(ii) If E is not semistable, then υ ≤ 0, and the equality holds if and only if E is
strictly semistable.
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Thanks to Proposition 2.3, the same argument as in [11, Proposition 4.12] can be
applied to our case. In particular, we obtain the following Proposition 3.7 and 3.8.
For the readers convenience, we recall their argument.
Proposition 3.7 (cf. [11, Proposition 4.12]). Under the setting as in Assump-
tions 3.1, the following holds:
(i) τ = υ = iX − 2µ ∈ Q>0, and
(ii) E is stable.
Proof. (i) Since ρZ = 2, the Kleiman-Mori cone of Z is spanned by [f ] and [f
′].
Furthermore, we have −KZ .f = −KZ .f ′ = 2. By Kleiman’s criterion for ampleness,
this implies that −KZ is ample, that is, Z is a Fano manifold. So the nef cone of Z
is a rational polyhedral cone. This implies that τ is a rational number. It follows
from Kawamata-Shokurov base point free theorem that −Kpi + CH is semiample.
Then it turns out that φ is defined by the linear system |m(−Kpi + τH)| if m is
sufficiently large and divisible. This implies that (−Kpi + τH).f ′ = 0. Thus we
see that τ = iX − 2µ . Furthermore, since φ is a morphism of relative dimension 1,
−Kpi+τH is nef but not big. This means that τ ≤ υ. By combining Remark 3.3 (i),
we get τ = υ. If τ = 0, then E is trivial by Theorem 3.6 (i). However it contradicts
Remark 3.3 (iii).
(ii) Since we have τ > 0, Theorem 3.6 (iii) concludes that E is stable.

Proposition 3.8 (cf. [11, Proposition 4.4]). Under the setting as in Assump-
tions 3.1, the following holds:
(i) ∆ < 0,
(ii)
√−∆ = τtan( pin+1 ), and
(iii) n = 2, 3 or 5.
Proof. (i) By Proposition 3.7, E is stable. Then ∆ ≤ 0 by Theorem 3.5. Again by
Proposition 3.7, −Kpi+τH is nef but not big. So we have (−Kpi+τH)n+1 = 0. Since
K2pi = ∆H
2 (see Remark 3.3), Hn+1 = 0 and −Kpi.Hn > 0, (−Kpi + τH)n+1 = 0 is
equivalent to
n+1∑
i=0
i≡1(2)
(
n+ 1
i
)
τn+1−i∆
i−1
2 = 0.(2)
If ∆ = 0, then τn = 0 by (2). It means that τ = 0. However this contradicts
Proposition 3.7 (i). As a consequence, we have ∆ < 0.
(ii) From the above equality (2), we obtain
(τ +
√
∆)n+1 − (τ −
√
∆)n+1 = 0.(3)
We denote the argument of the complex number (τ+
√
∆)n+1 by arg
(
τ +
√
∆
)n+1
∈
[0, 2pi). Then (3) is equivalent to
arg
(
τ +
√
∆
)
= 0 or
pi
n+ 1
.(4)
Since we have ∆ < 0 by (i), (4) implies
√−∆ = τtan
(
pi
n+ 1
)
.
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(iii) From (ii), we obtain
tan2
(
pi
n+ 1
)
=
−∆
τ2
∈ Q.
The algebraic degree of tan
(
pi
n+1
)
over Q is known (see [12, pp. 33-41] and [2,
Proposition 2]). Then we see that n = 2, 3 or 5.

On the other hand, we give another description of ∆(E ) via a computation of the
total Chern class c(pi∗E ). First, we prepare the following lemma.
Lemma 3.9. Under the setting as in Assumptions 3.1, let σ denote the restriction
of pi to f ′ ∼= P1. If σ∗E ∼= OP1(a)⊕ØP1(b) (a ≥ b), then we have
(a, b) =
(
−1 + (c1 + iX)µ
2
, 1 +
(c1 − iX)µ
2
)
.
Proof. Let us consider a P1-bundle σ∗Z ∼= P(OP1(a) ⊕ ØP1(b)) over f ′ ∼= P1. Then
σ∗f ′ is an exceptional curve on σ∗Z. It implies that σ∗f ′ ∼= P(OP1(b)). Hence
b = L.f ′ = 1 + (c1−iX)µ2 . On the other hand, we have a + b = c1µ. Thus a =
−1 + (c1+iX)µ2 . 
Lemma 3.10. Under the setting as in Assumptions 3.1, the total Chern class c(pi∗E )
is given by
c(pi∗E ) = 1 +
1
µ
(a+ b)H +
(
ab
µ2
H2 +
a− b
µµ′
HH ′ − 1
µ′2
H ′
2
)
.
Proof. Let P be the kernel of pi∗E → L. Then we have an exact sequence
0→ P → pi∗E → L→ 0.(5)
In general, any saturated subsheaf of a locally-free sheaf is again locally-free. So
P is a line bundle. Since L|f ∼= OP1(1) and L|f ′ ∼= OP1(b), we see that P |f =
ker(pi∗E |f → OP1(1)) ∼= OP1(−1) and P |f ′ = ker(pi∗E |f ′ → OP1(b)) ∼= OP1(a).
Remark that A1(Z)Q = 〈H,H ′〉Q. Hence we obtain
c(L) = 1 +
b
µ
H +
1
µ′
H ′,
c(P ) = 1 +
a
µ
H − 1
µ′
H ′,
and
c(pi∗E ) = c(L) · c(P ) =
(
1 +
b
µ
H +
1
µ′
H ′
)
·
(
1 +
a
µ
H − 1
µ′
H ′
)
= 1 +
1
µ
(a+ b)H +
(
ab
µ2
H2 +
a− b
µµ′
HH ′ − 1
µ′2
H ′
2
)
.

By using Lemmas 3.10 and 3.12 below, the equality (5) will be rewritten in more
simple form in Proposition 3.13.
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Lemma 3.11. Under the setting as in Assumptions 3.1, let ν be the restriction of
φ to f ∼= P1 and ζ a projection ν∗Z → Z. If Nν∗f/ν∗Z ∼= OP1(−e), then e > 0 and
we have
(ζ∗H)2 =
µe
µ′
(ζ∗Hζ∗H ′).
Proof. We consider a P1-bundle ψ : ν∗Z → f ∼= P1. Then ν∗f is an exceptional
curve on ν∗Z. From Nν∗f/ν∗Z ∼= OP1(−e), we obtain e > 0. Furthermore, we see
that ν∗Z ∼= P(OP1⊕OP1(−e)) and ν∗f ∼= P(OP1(−e)). LetM be the tautological line
bundle of ν∗Z ∼= P(OP1 ⊕ OP1(−e)) and Q the kernel of ψ∗ (OP1 ⊕ OP1(−e)) → M .
Then we have an exact sequence
0→ Q→ ψ∗ (OP1 ⊕ OP1(−e))→M → 0.
Then we see that M |ν∗f ∼= OP1(−e) and M |ν∗f ′ ∼= OP1(1). These imply that
Q|ν∗f = ker (ψ∗ (OP1 ⊕ OP1(−e)) |ν∗f → OP1(−e)) ∼= OP1 , and
Q|ν∗f ′ = ker
(
ψ∗ (OP1 ⊕ OP1(−e)) |ν∗f ′ → OP1(1)
) ∼= OP1(−1).
Remark that A1(ν∗Z)Q = 〈ν∗H, ν∗H ′〉Q. Hence we obtain
c(M) = 1 +
1
µ
ζ∗H − e
µ′
ζ∗H ′,
c(Q) = 1− 1
µ
ζ∗H.
and
c(ψ∗ (OP1 ⊕ OP1(−e))) = c(M) · c(Q) =
(
1 +
1
µ
ζ∗H − e
µ′
ζ∗H ′
)
·
(
1− 1
µ
ζ∗H
)
= 1− e
µ′
ζ∗H ′ +
(
− 1
µ2
(ζ∗H)2 +
e
µµ′
ζ∗Hζ∗H ′
)
.
Furthermore, we obtain
− 1
µ2
(ζ∗H)2 +
e
µµ′
ζ∗Hζ∗H ′ = c2 (ψ
∗ (OP1 ⊕ OP1(−e))) = ψ∗ (c2 (OP1 ⊕ OP1(−e))) = 0.
As a consequence, we get
(ζ∗H)2 =
µe
µ′
(ζ∗Hζ∗H ′)
as desired. 
Lemma 3.12. Under the setting as in Assumptions 3.1, we have
a− b
eµ2
H2 =
a− b
µµ′
HH ′ − 1
µ′2
H ′
2 ∈ N2(Z)Q.
Proof. In Lemma 3.10, we have seen that pi∗ (c2 (E )) = c2(pi
∗E ) = ab
µ2
H2+ a−bµµ′ HH
′−
1
µ′2
H ′2. Since we have N2(X)Q ∼= Q, there exists g ∈ Q such that
gH2 +
a− b
µµ′
HH ′ − 1
µ′2
H ′
2
= 0 ∈ N2(Z)Q.(6)
Pulling back to ν∗Z by ζ, we obtain
ζ∗(gH2 +
a− b
µµ′
HH ′) = ζ∗
(
gH2 +
a− b
µµ′
HH ′ − 1
µ′2
H ′
2
)
= 0 ∈ N2(ν∗Z)Q.
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By Lemma 3.11, (ζ∗H)2 = µeµ′ (ζ
∗Hζ∗H ′). It turns out that(
gµe
µ′
+
a− b
µµ′
)
ζ∗Hζ∗H ′ = 0 ∈ N2(ν∗Z)Q.
Hence we have g = b−a
µ2e
. Substituting this in the equation (6), we obtain
a− b
eµ2
H2 =
a− b
µµ′
HH ′ − 1
µ′2
H ′
2 ∈ N2(Z)Q.

By combining Lemmas 3.10 and 3.12, we get the following:
Proposition 3.13. Under the setting as in Assumptions 3.1, the total Chern class
c(pi∗E ) is given by
c(pi∗E ) = 1 +
1
µ
(a+ b)H +
(
ab
µ2
+
a− b
eµ2
)
H2 ∈ 1⊕N1(Z)⊕N2(Z)Q.
Proposition 3.14. Under the setting as in Assumptions 3.1, e is defined by Nν∗f/ν∗Z ∼=
OP1(−e) as in Lemma 3.11. Then we have
∆ = τ2 − 4τ
eµ
.
Proof. From the definition of ∆ and Proposition 3.13,
∆H2 = c1(pi
∗
E )2 − 4c2(pi∗E )
=
(
1
µ
(a+ b)H
)2
− 4
(
ab
µ2
+
a− b
eµ2
)
H2 =
a− b
µ2e
(e (a− b)− 4)H2.
By Lemma 3.9, a− b = iXµ− 2 = τµ. Thus, we obtain ∆ = τ2 − 4τeµ as desired. 
4. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. It is sufficient to work under the same
setting as in Assumptions 3.1. Then it follows from Proposition 3.8 that n = 2, 3 or
5.
Theorem 4.1. With the same setting as in Assumptions 3.1, if n = 2, then (X,E )
is isomorphic to (P2, TP2).
Proof. Since a Fano surface of ρ = 1 is isomorphic to P2, we have X ∼= P1 and
iX = 3. By virtue of Proposition 3.8 (ii) and Proposition 3.14, we have ∆ = −3τ2
and ∆ = τ2− 4τeµ . Recall that τ > 0 by Proposition 3.7 (i). Thus (3µ−2)e = τµe = 1.
Hence (iX , µ, e) = (3, 1, 1), τ = 1 and ∆ = −3. By Lemma 3.9, (c1+iX)µ is divisible
by 2. This implies that c1 = −1. Here we take a point on X ∼= P2 as a base Σ of
N2(X)Q. Then d = 1. Since ∆ = −3 and c1 = −1, we see that c2 = 1. Hence E is
a rank 2 stable vector bundle over P2 with (c1, c2) = (−1, 1). Then E is isomorphic
to TP2 by [6]. 
Lemma 4.2. With the same setting as in Assumptions 3.1, if n = 3, then (iX , µ, e) =
(4, 1, 1), (3, 1, 2), (2, 2, 1), (1, 3, 2) or (1, 4, 1).
Proof. By virtue of Proposition 3.8 (ii) and Proposition 3.14, we have ∆ = −τ2 and
∆ = τ2 − 4τeµ . Recall that τ > 0 by Proposition 3.7 (i). Thus (iXµ− 2)e = τµe = 2.
This implies that (iX , µ, e) = (4, 1, 1), (3, 1, 2), (2, 2, 1), (1, 3, 2) or (1, 4, 1). 
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Lemma 4.3. Under the same setting as in Lemma 4.2, if (iX , µ, e) = (2, 2, 1), then
c1 = 0.
Proof. In this case, X is a del Pezzo 3-fold of ρ = 1. So H4(X,Z) is generated by a
line l on X. Here a line means a rational curve with HX .l = 1. We take l as a base
Σ of N2(X)Q. Then c2 is an integer.
Now assume the contrary of our claim, that is, c1 = −1. Then Riemann-Roch
theorem tells us that c2 is even. On the other hand, we see that ∆ = −1. Thus,
we obtain dX = d = 2c2. From the classification of del Pezzo 3-fold of ρ = 1 [8], it
follows that dX ≤ 5. It turns out that (dX , c2) = (4, 2). Again, according to [8], X
is a complete intersection of two quadric 4-folds in P5.
Consider a morphism pi ◦ ζ : ν∗Z → X. Since ν∗Z ∼= P(OP1 ⊕ OP1(−1)), pi ◦ ζ
factors through g : P2 → X. This can be obtained by taking the Stein factorization of
pi◦ζ = g◦h, where h : ν∗Z → P2 is a blow-up at a point o ∈ P2. Remark that h sends
every fiber of ν∗Z → f ∼= P1 to a line through o ∈ P2. Hence, for a line lo through
o ∈ P2, we have g∗HX .lo = µ = 2. This implies that g∗OX(HX) ∼= OP2(2). Let S
denote the image of g. Then the degree of S ⊂ P5 satisfies that deg(g) deg(S) = 4.
On the other hand, S is a member of the linear system |OX(sHX)| for some s > 0.
So we have deg(S) = 4s. Hence we see that (s,deg(g)) = (1, 1). Then, it is easy
to see that S is smooth, that is, S ∼= P2. However this contradicts the adjunction
formula.

By the same way as in Lemma 4.2, we can prove the following:
Lemma 4.4. With the same setting as in Assumptions 3.1, if n = 5, then (iX , µ, e) =
(5, 1, 1), (3, 1, 3), (1, 5, 1), or (1, 3, 3).
Now we prove the remaining part of Theorem 1.1 (I).
Proposition 4.5. Under the same setting as in Assumptions 3.1, there exists a
rank 2 vector bundle E ′ on Y such that Z = PY (E ′).
Proof. If n = 2, this follows from Theorem 4.1. Thus, we deal with the cases where
n = 3 and 5. From the above lemmas, it follows that
(n, iX , µ, e) = (3, 4, 1, 1), (3, 3, 1, 2), (3, 2, 2, 1), (3, 1, 3, 2), (3, 1, 4, 1), (5, 5, 1, 1),
(5, 3, 1, 3), (5, 1, 5, 1) or (5, 1, 3, 3).
It is enough to find a line bundle V on Z which satisfies V.f ′ = 1. Indeed, E ′ :=
φ∗OZ(V ) satisfies the property desired. Hence it is sufficient to deal with the case
where µ := H.f ′ 6= 1, that is, (n, iX , µ, e) = (3, 2, 2, 1), (3, 1, 3, 2), (3, 1, 4, 1), (5, 1, 5, 1),
and (5, 1, 3, 3).
Recall that L.f ′ = 1 + (c1−iX)µ2 due to Lemma 3.9. If (n, iX , µ, e) = (3, 2, 2, 1),
then, by Lemma 4.3, we have c1 = 0. This means L.f
′ = −1. Hence V := H ⊗ L
satisfies V.f ′ = 1. If (n, iX , µ, e) = (3, 1, 3, 2), (5, 1, 5, 1) or (5, 1, 3, 3), then we see
that L.f ′ = −2,−4, −2, respectively. It turns out that V := H⊗L satisfies V.f ′ = 1.
If (n, iX , µ, e) = (3, 1, 4, 1), then L.f
′ = −1 or −3. Hence we can take H ⊗ L⊗3 or
H ⊗ L as V . 
According to this proposition, we see that Z admits double P1-bundle structures
pi : Z → X and φ : Z → Y . By symmetry of X and Y , all the results on X
as above also hold for Y . By the same way as in Notation 3.2, we define rational
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numbers c′1, c
′
2, d
′ and ∆′ for Y and E ′. Here E ′ may be normalized. Moreover,
Kφ and L
′ stand for the relative canonical divisor and a divisor associated with
the tautological line bundle of P(E ′), respectively. Then we define τ ′ := τ(E ′) and
υ′ := υ(E ′) as in Notation 3.2. Applying the argument as in [11], we complete the
proof of Theorem 1.1 as follows:
Theorem 4.6. Under the same setting as in Assumptions 3.1 and the above, if n ≥
3, then ((X,E ), (Y,E ′)) is isomorphic to ((P3,N ), (Q3,S )) or ((Q5,C ), (K(G2),Q))
up to changing the pairs (X,E ) and (Y,E ′).
Proof. As we have seen in Proposition 3.7, τ = iX − 2µ and τ ′ = iY − 2µ′ . Then we
obtain the following table:
H H ′ L L′
f 0 µ′ 1 1 +
(c′
1
−iY )µ
′
2
f ′ µ 0 1 + (c1−iX)µ2 1
This table represents intersection numbers of divisors in the first row and f or f ′.
For example, H.f = 0 and H.f ′ = µ etc. Applying this table, we obtain{
H ′ = −µ′2 (c1 − τ)H + µ′L
L′ = {−µ′4 (c1 − τ)(c′1 − τ ′) + 1µ}H + µ
′
2 (c
′
1 − τ ′)L.
(7)
Since {H,L} and {H ′, L′} are Z-bases of Pic(P(E )), the determinant of the matrix
of base change is equal to 1 or −1. This implies that µ = µ′. Hence we can write
H ′ = µ2 (−Kpi + τH). Furthermore, we get
dY
dX
= (
µ
2
)n
(−Kpi + τH)nH/µ
−KpiHn/2 = (
µ
2
)n−1
im((τ +
√
∆)n)√−∆ .(8)
Since we have
√−∆ = τtan( pin+1), (8) is equivalent to
dY
dX
= (
τµ
2cos(pi/n+ 1)
)n−1.
By symmetry of X and Y , we get a similar equation
dX
dY
= (
τ ′µ′
2cos(pi/n+ 1)
)n−1.
These equations imply
(
τµτ ′µ′
4cos2(pi/n + 1)
)n−1 = 1.(9)
Since τ, τ ′ > 0 and µ = µ′ > 0, (9) provides
(iXµ− 2)(iY µ− 2) = ττ ′µ2 =
{
2 (n = 3)
3 (n = 5)
(10)
We may assume that iX ≥ iY . From (10), we have (iX , iY , µ) = (4, 3, 1) provided
n = 3. Hence we see that X ∼= P3. Here we take a line on X ∼= P3 as a base Σ
of N2(X)Q. Then d = 1. On the other hand, if n = 5, then we have (iX , iY , µ) =
(5, 3, 1). Hence we obtain thatX ∼= Q5. HereH4(X,Q5) ∼= Z and we take its positive
generator as a base Σ of N2(X)Q. Then d = 1. In both cases, easy calculations
imply the following table:
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n iX d µ τ ∆ c1 c2
3 4 1 1 2 −4 0 1
5 5 1 1 3 −3 −1 1
Since vector bundles N and C are determined by their Chern classes among sta-
ble bundles (see [13, Lemma 4.3.2] and [14]), hence (X,E ) is isomorphic to (P3,N )
or (Q5,C ). Then the structure of (Y,E ′) is well-known (for instance, see [15, Propo-
sition 2.6], [11, Example 6.4] and [14, 1.3]). Consequently, Theorem 1.1 holds. 
5. Proof of Theorem 1.3
Let M be an n-dimensional Fano manifold of ρ = 1 with nef tangent bundle.
Assume that M carries a rational curve C such that −KM .C = 3. This assumption
implies that n ≥ 2. Let K be a minimal rational component of M (see [10, 1.2])
and pi : U → K its universal family. Denote the evaluation map by ι : U →M .
Lemma 5.1 ([10, Lemma 1.2.1, Lemma 1.2.2, Corollary 1.3.1]). Under the above
setting, the following holds:
(i) K is a projective manifold of dimension n,
(ii) every fiber of ι is isomorphic to P1, and
(iii) pi : U → K is a P1-bundle.
Since ι is a smooth morphism whose fibers are P1, one can check that the second
Betti numbers satisfy b2(U ) = b2(M) + 1. This implies b2(K ) = 1. Furthermore,
K is covered by rational curves which are images of fibers of ι, that is, a uniruled
manifold. Consequently, K is a Fano manifold of ρK = 1. Applying Theorem 1.1,
we obtain Theorem 1.3.
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